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Abstract
In this paper we extend the boundary string field theory action for a non-BPS
D-brane to the one including the target space fermions and the nonlinear supersym-
metry with 32 supercharges up to some order. This is based on the idea that the
vacuum with a non-BPS D-brane belongs to the spontaneously broken phase of the
supersymmetry. As a result, we find that the action is almost uniquely determined
up to the field redefinition ambiguities.
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1 Introduction
The supersymmetry is one of the most important subjects to know the full structure of
string theory. In fact the tremendous progress of understanding the non-perturbative
aspects of string theory has relied on the supersymmetry. In RNS formalism such a ten
dimensional supersymmetry in various supersymmetric string theories is induced by the
superconformal invariance and GSO-projection on the string sigma model action. How-
ever, we do not understand why the supersymmetry naturally appears in the string theory
and why such prescriptions make it possible to introduce the supersymmetry. What is the
connection between two dimensional superconformal symmetry and ten dimensional su-
persymmetry? What is the mathematical and the physical meanings of GSO-projections?
On the other hand, recently there has been a lot of studies (for example, see [1, 2])
on the non-BPS physics with different motivations from the above arguments, and the
off-shell dynamics of non-BPS systems has been possible to discuss. The off-shell actions
on non-BPS systems are the most important quantities which can be obtained from the
various string field theories. Especially by using boundary string field theory [3, 4, 5],
the exact actions for non-BPS D-branes and brane-antibrane systems has been recently
computed [6, 7, 8, 9]. Unfortunately the string field theories including the R-sector have
not been found until now, therefore these actions are written only by the bosonic fields.
From these actions we can understand various dynamical aspects of non-BPS systems.
For example, a non-BPS D-brane decays to the closed string vacuum by the trivial tachyon
condensation or to a BPS D8-brane by the one with the topological defect. This fact means
that the vacuum with the supersymmetry is connected to the vacuum with the non-BPS
D-brane. Then it is natural to consider that the vacuum with non-BPS D-branes belongs
to the spontaneously broken phase of the supersymmetry in type II theories [10, 11]. If so,
in the field theory on a non-BPS D-brane the nonlinear supersymmetry should be realized.
This is a interesting subject because in non-gravitational field theory with 32 supercharges
the linear supersymmetry is not known. Moreover there is no GSO-projection on the fields
which are excited by open strings, thus from this we may understand the relation between
GSO-projection and the supersymmetry.
The supersymmetry with 32 supercharges is very large, thus we expect that only this
symmetry gives enough constraints to determine the action almost completely. Then, as
a first step to understand this, we try to extend the field theory action of the boundary
string field theory on a non-BPS D-brane to the one with target space fermions which has
the non-linear supersymmetry.
In the next section we review the present understandings of the supersymmetry on a
non-BPS D-brane, and in section 3 we explicitly construct the field theory action with
nonlinear supersymmetry by considering all possible terms in the action, supersymmetry
transformations and field redefinitions up to some order. This action is unique up to the
1
field redefinition ambiguities. The conclusion and the discussion are in section 4.
2 Supersymmetry on a Non-BPS D-brane
First we review the various arguments about the supersymmetry on a non-BPS D-brane.
In this paper we consider the non-BPS D9-brane in type IIA superstring theory. If we
need to consider the non-BPS Dp-brane, we have only to perform the T-duality, therefore
it is enough to consider the D9-brane.
On a non-BPS D9-brane there are infinite numbers of the fields which are excited
by the open strings without GSO-projection. They are massive fields, a U(1) gauge
field, a non-chiral Majorana fermion of SO(1,9) and a real tachyon. The tachyon and the
Majorana fermion belong to the adjoint representation for the U(1) gauge transformation,
that is, they are gauge-singlets. Formally we can define a effective action written by all
these fields on the non-BPS D-brane, however in general for our convenience we integrate
out the massive fields which we do not need to consider3.
In [10] the author gives the action with the massless fermion in which the tachyon is
integrated out. Its action is 4
S = −
√
2T9
∫
d10x
√
− det(ηµν + Fµν),
= −
√
2T9
∫
d10x [1 +
1
4
F µνFµν − ψΓµ∂µψ + F µν(ψΓ11Γµ∂νψ) + · · ·], (2.1)
where
Fµν = Fµν − (ψΓν∂µψ)− (ψΓµ∂νψ)
−(ψΓ11Γν∂µψ) + (ψΓ11Γµ∂νψ) + (ψΓρ∂µψ)(ψΓρ∂νψ)
+
1
2
(ψΓ11Γρ∂µψ)(ψΓ
ρ∂νψ)− 1
2
(ψΓ11Γρ∂νψ)(ψΓ
ρ∂µψ). (2.2)
Here we write the effective action whose diffeomorphism invariance is already fixed by the
static gauge [10].
However, the most characteristic property of this action is that this action has the
nonlinear supersymmetry with 32 supercharges. The transformations are as follows:
δψα = ǫα − (ǫΓµψ)(∂µψ)α,
δAµ = (ǫΓ11Γµψ)− (ǫΓνψ)∂νAµ − (ǫΓρ∂µψ)Aρ
−1
6
{(ǫΓ11Γνψ)(ψΓν∂µψ) + (ǫΓνψ)(ψΓ11Γν∂µψ)}. (2.3)
3”Integrate out” means by inserting the solution to the equation of motion of the field because here
we consider the effective action only at the tree level.
4In this paper we set 2piα′ to 1 for simplicity.
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From these transformations we can obtain the following supersymmetry algebra:
[δ1, δ2]ψα = 2(ǫ1Γ
ρǫ2)∂ρψα , [δ1, δ2]Aµ = −2(ǫ1Γ11Γµǫ2) + 2(ǫ1Γρǫ2)∂ρAµ. (2.4)
Thus, we can obtain the expected translations together with a constant shift of the gauge
field which can be regarded as an irrelevant gauge transformation. This nonlinear su-
persymmetry realizes the idea that the vacuum with a non-BPS D-brane belongs to the
spontaneously broken phase of the 32 supersymmetries of type II theories. The evidence
of the action (2.1) and the supersymmetry transformation (2.3) is given in [12] with the
explicit calculations of the on-shell scattering amplitudes.
The configurations where this supersymmetry restores are the closed string vacuum or
the vacuum with BPS D-branes. At these configurations the total or partial supersymme-
tries are linearly represented. These stable vacuum and unstable one with the non-BPS
D-brane are connected by the process of the tachyon condensation. Therefore if we want
to consider the off-shell dynamics of non-BPS D-branes and realize this supersymmetry
at the arbitrary off-shell point, we have to incorporate the tachyon field. Namely, we need
the effective action before the tachyon is integrated out. Therefore from (2.1) we can not
see the mechanism of the restoration of the supersymmetry.
On the other hand, recently the effective action which is represented only by the
bosonic fields including the tachyon (ψ(x) is set to zero) has been obtained by the open
string field theory. Especially, some exact results on the effective action of the various
non-BPS systems have been derived from the boundary string field theory [6, 7, 8, 9].
The action for a non-BPS D-brane [13, 6] is
S = −
√
2T9
∫
d10xe−
1
4
T 2
∏∞
r= 1
2
det(ηµν + Fµν +
1
4pir
∂µT∂νT )∏∞
m=1 det(mηµν +mFµν +
1
4pi
∂µT∂νT )
,
= −
√
2T9
∫
d10xe−
1
4
T 2
√
− det(ηµν + Fµν)F
[
1
4π
Gµν∂µT∂νT
]
, (2.5)
where
Gµν ≡
(
1
1 + F
)(µν)
, F [x] ≡ 4
xx(Γ(x))2
2Γ(2x)
= 1 + 2(log 2)x+O(x2). (2.6)
Here, (µν) indicates the symmetrization. The “exactness” of this action means that it is
obtained by integrating out all massive fields5with all α′ corrections under the conditions
that ∂µ∂νT = 0, and ∂ρFµν = 0.
6
5In the other string field theory it is difficult to perform this, therefore the approximation is used
which is usually called level truncation.
6However, even if we regard (2.5) as the complete action without this condition, the action seems to
give several nontrivial results. For example, in [14] the author constructed the various soliton solutions
which do not obey the above conditions.
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As an example of the tachyon condensation in (2.5) we consider the following nontrivial
exact soliton solutions which represents a BPS D8-brane localized at x9 = 0 after the
tachyon condensation [6]:
T (x) = ux9 (u→∞) , Aµ(x) = 0 , ψ(x) = 0. (2.7)
This solution gives a correct tension and a D8-brane charge from the action (2.5) and
Wess-Zumino term of the non-BPS D-brane [8, 9]. These facts give the evidences for the
identification of this solution as a BPS D8-brane.
From these two actions (2.1) and (2.5) we expect that in boundary string field theory
action (2.5) the nonlinear supersymmetry can be realized by including the transformations
not only of the gauge field and the fermion but also of the tachyon. Indeed we can prove
the existence of such an action and supersymmetry transformations. First we define
S0(C
a, λi) as an action where not only T (x), ψ(x) and Aµ(x) (here, we represent these
three fields as Ca(x) (a = 1, 2, 3)) but also the massive fields λi(x) are included. The
supersymmetric invariance of the action is written by
S0(C
a + δCa, λi + δλi) = S0(C
a, λi) where
{
δCa = δCa(Ca, λi),
δλi = δλi(Ca, λi).
(2.8)
Then, we integrate out the massive fields λi(x) from S0(C
a, λi). This is performed by
inserting the solution to the equation of motion for λi(x). If we define λ¯i = λ¯i(Ca) as the
solution to the equation of motion for λi(x) and insert this solution into (2.8), then the
result is
S0(C
a, λ¯i) = S0(C
a + δCa(Ca, λ¯i), λ¯i + δλi(Ca, λ¯i))
= S0(C
a + δCa(Ca, λ¯i), λ¯i). (2.9)
Here we used the relation δS0
δλi
|λ=λ¯ = 0. If we define the action in which the massive fields
are integrated out as S(Ca) ≡ S0(Ca, λ¯i(Ca)), the above relation indicates that S(Ca) is
invariant for Ca → Ca + δ¯Ca where δ¯Ca(Ca) ≡ δCa(Ca, λ¯i(Ca)).
This conjecture of the realization of the nonlinear supersymmetry with 32 supercharges
is highly nontrivial because, regardless of the dimension, in the supersymmetric field the-
ory with 32 supercharges any supermultiplets can not be constructed without introducing
the graviton. This indicates that we can not construct any field theories with the lin-
ear supersymmetry. However, the nonlinear realization of the supersymmetry with 32
supercharges is an exception we can consider to avoid this no-go theorem.
In (2.3) the supersymmetry transformations have been already obtained, however,
from these equations we can not discuss the tachyon condensation. If we can obtain the
action without integrating out the tachyon field, we can understand the mechanism of the
restoration of the linear supersymmetry through the analysis of the tachyon condensation.
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The idea of the realization of the nonlinear supersymmetry in the off-shell region was
considered in [11] by using Witten’s cubic type open superstring field theory [17]. In this
paper the author generalized this theory to the string field theory on the non-BPS D-brane
by including the GSO-odd components of the string field, and constructed the nonlinear
supersymmetry transformations of the string field. However, Witten’s superstring field
theory has a problem about the collision of picture changing operators, thus this discussion
is rather formal. Moreover in this theory the explicit BPS solution has been not obtained
until now, therefore we can not see how the linear supersymmetry restores at this stable
vacuum.
On the other hand, contrary to this theory, the recent work on the boundary string field
theory has given the exact action (2.5) and the exact soliton solution (2.7). Therefore by
using these results we expect that the nonlinear supersymmetry can be realized explicitly
in the boundary string field theory action (2.5) which will become the action (2.1) with
integrating out the tachyon. If so, we can see the restoration of the linear supersymmetry
after the tachyon condensation. Concretely speaking, the solution (2.7) is expected to be
a BPS solution in the sense of the supersymmetric field theory, that is, this solution will
satisfy the BPS equation δSUSY ψ(x) = 0. If we expand the action around this solution
and integrate out the massive fields, the result is expected to become the supersymmetric
Dirac-Born-Infeld action for a BPS D-brane [15, 16].
Of course, without the knowledge of the string field theory with R-sector, it may be
difficult to obtain the full action which includes all terms with fermions. However, in
the supersymmetric quantum mechanics (for example, see [18]) there is an interesting
example of the model:
S =
∫
dt e−
T
2
4
[
1
2
(∂tT )
2 − 1 + i
2
ψ+
↔
∂ tψ
− +
T
2
√
2
ψ+ψ−
]
. (2.10)
And this action is invariant by the following nonlinear supersymmetry transformations:
δT = i(ψ+η− + ψ−η+),
δψ+ = −i
√
2η+ − ∂tTη+ + i
4
Tψ+ψ−η+, δψ− = i
√
2η− − ∂tTη−− i
4
Tψ+ψ−η−,(2.11)
and these transformations satisfy the usual supersymmetry algebra. This is equivalent to
a well known action in supersymmetric quantum mechanics:
S = 2π
∫
dt
[
1
2
φ˙2 − 1
2
W 2(φ)−W ′(φ)θ+θ− + iθ+θ˙−
]
. (2.12)
δφ = i(θ+η− + θ−η+), δθ± = ∓i(W (φ)∓ iφ˙)η±, (2.13)
where φ = 2√
pi
∫ T
2
√
2
0 e
−s2ds, W (φ) = 1√
pi
exp (−1
8
T (φ)2) and θ± = (2π)−
1
2 e−
T
2
8 ψ±. This
action shows that the nonlinear supersymmetry can be included for the action with the
5
boundary string field theory potential exp(−T 2
4
) at least in one dimension. At T = ±∞
the superpotential vanishes, that is W = 0, and the supersymmetry restores as we can
see from (2.13). Moreover this has BPS solutions T = ±√2tE if we perform the Wick
rotation t → −itE7.
Of course the extension of this model to the one in ten dimension is nontrivial because
the field theory on a non-BPS D-brane has infinite number of terms and because in (2.10)
the gauge field on a non-BPS D9-brane is not included. However, there is a truncated
model which approximately describes the tachyon condensation on a non-BPS D-brane
[19]. The action is
S = −
√
2T9
∫
d10x e−
1
4
T 2
[
1
2
∂µT∂µT + 1 +
1
4
F µνFµν − ψΓµ∂µψ + 1
2
√
2
Tψψ
]
. (2.14)
The action (2.10) is obtained by the dimensional reduction and truncations of some fields
from this one. In [19] by expanding the action around the kink solution
T (x) =
√
2x9 , Aµ(x) = 0 , ψ(x) = 0, (2.15)
which is similar to (2.7), the authors investigate the spectrum on this soliton. Note that
the Tψψ term is like a mass term of domain wall type to produce chiral fermion. As a
result the massless spectrum is the vector supermultiplet in 9 dimension, which is same
as the one on the BPS D8-brane. The massive spectrums are a little different, while there
are no continuous spectrums and the mass square differences are equal spacing, which is
the similar structure as the one in string theory. However, in [19] the supersymmetry is
not considered, thus we can not understand how the linear supersymmetry restores at a
stable vacuum.
In this paper as a first step to understand the full structure of the nonlinear supersym-
metry on a non-BPS D-brane, we will consider the several leading terms of the effective
action and will confirm that the nonlinear supersymmetry is realized and that the action
is consistent with the result from boundary string field theory.
3 Construction of the Action with Nonlinear Super-
symmetry
In this section we will analyze the constraints which come from the supersymmetric in-
variance of the action and will show that the nonlinear supersymmetry can be realized on
the effective action of a non-BPS D9-brane.
7It is not essential to consider the Euclidean action. Indeed, we will construct an analog of this model
in four dimension in appendix A.
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First we consider the most general action and the supersymmetry transformation
which are constructed by T (x), Aµ(x) and ψ(x) up to several order. Here we pick up the
terms which satisfy the following conditions:
#Aµ(x) = 0, #ψ(x) = 1 and #∂µ ≤ 1 in δS, (3.16)
where #X is the number of X and δS is the variation of the action by the supersymmetry
transformation. Of course, the following analysis can be done by using the α′ expansion
in the same way. Under this condition the relevant terms are as follows
S = −
√
2T9
∫
d10xe−
1
4
T 2
×[1 + f1(T )(ψψ) + f2(T )(ψΓµ∂µψ) + f3(T )(ψΓ11Γµ∂µψ)]. (3.17)
And we also consider the supersymmetry transformations
δψα = g1(T )ǫα + g2(T )(Γ11ǫ)α + g3(T )∂
µT (Γµǫ)α + g4(T )∂
µT (Γ11Γµǫ)α, (3.18)
δT = h1(T )(ǫψ) + h2(T )(ǫΓ11ψ) + h3(T )∂
µT (ǫΓµψ)
+h4(T )∂
µT (ǫΓ11Γµψ) + h5(T )(ǫΓ
µ∂µψ) + h6(T )(ǫΓ11Γ
µ∂µψ), (3.19)
where the coefficient functions fi(T ), gi(T ) and hi(T ) are nonsingular around T = 0. Now
we will consider the constraints which come from the supersymmetric invariance of the
action (3.17), that is, δS = 0. These are the relations between the coefficient functions:
δS = −
√
2T9
∫
d10xe−
1
4
T 2
×[C1(T )(ǫψ) + C2(T )(ǫΓ11ψ) + C3(T )∂µT (ǫΓµψ) + C4(T )∂µT (ǫΓ11Γµψ)],
(3.20)
where
C1 = −12Th1 + 2f1g1 , C2 = −12Th2 − 2f1g2,
C3 =
1
2
Tf2g1 − 2f1g3 − 12Th3 − 2f2g˙1 + 2f3g˙2
+(1
2
− 1
4
T 2)h5 − 12Tf3g2 + 12T h˙5 − f˙2g1 + f˙3g2,
C4 = −12Tf2g2 − 2f1g4 − 12Th4 + 2f2g˙2 − 2f3g˙1
+(1
2
− 1
4
T 2)h6 +
1
2
Tf3g1 +
1
2
T h˙6 + f˙2g2 − f˙3g1,
and f˙ denotes df/dT . From this we can obtain four constraint equations Ci(T ) = 0 (i =
1, 2, 3, 4).
However, only with these conditions we can not completely fix the functions fi(T ), gi(T )
and hi(T ). In general the effective action and the transformations of fields which represent
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some symmetries have the field redefinition ambiguities of the realization. Of course the
field redefinition does not change the physics. Especially in the boundary string field the-
ory this ambiguity comes from the regularization of the nonlinear sigma model. Therefore
also in this case we have to consider the most general field redefinition of T (x) and ψ(x)
which are nonsingular around T = 0, and fix these ambiguities.
The field redefinitions which are needed in (3.17), (3.18) and (3.19) are
ψ′ = k1(T )ψα + k2(T )(Γ11ψ)α + k3(T )∂
µT (Γµψ)α + k4(T )∂
µT (Γ11Γµψ)α
+k5(T )(Γ
µ∂µψ)α + k6(T )(Γ11Γ
µ∂µψ)α, (3.21)
T ′ = T + l1(T )(ψψ) + l2(T )(ψΓ
µ∂µψ) + l3(T )(ψΓ11Γ
µ∂µψ). (3.22)
Moreover the parameter ǫα of the supersymmetry transformation in (3.18) and (3.19) has
the following ambiguity:
ǫα → aǫα + b(Γ11ǫ)α, (3.23)
where a, b are constants. We have fixed the first term of eq(3.22) to T , not general function
of T . This is because T → f(T ) changes the potential. We have fixed the potential to
e−
1
4
T 2 which was obtained by boundary string field theory [6, 7].
From (3.17), (3.18) and (3.19) we can see that there are 13 coefficient functions
fi(T ), gi(T ) and hi(T ) which are not determined. On the other hand (3.20) gives 4
constraint equations which come from the supersymmetry, and (3.21) and (3.22) repre-
sent the 9 freedoms of the field redefinitions. Therefore we expect that all coefficient
functions fi(T ), gi(T ) and hi(T ) can be determined completely.
In fact we can do. At first order the coefficients g1(T ) and g2(T ) in eq(3.18) transforms
as follows:
g1 → k1g1 + k2g2 , g2 → k1g2 + k2g1. (3.24)
From these we can consistently fix g1(T ) and g2(T ) to 1 and 0, respectively. By repre-
senting the action and the supersymmetry transformations with the redefined fields ψ′(x)
and T ′(x), the coefficient functions fi(T ), gi(T ) and hi(T ) transform as follows:8
f1 → f1 + 1
2
T l1,
f2 → f2 − 2f1k5 + 1
2
T l2 − T l1k5 , f3 → f3 − 2f1k6 + 1
2
T l3 − T l1k6,
g3 → g3 + k3 , g4 → g4 + k4 , h1 → h1 + 2l1 , h2 → h2,
8 Sting theory should keep G-parity invariance before and after interactions. From this we can restrict
all the coefficient functions fi(T ), gi(T ), hi(T ), ki(T ) and li(T ) to the even or odd functions of T.
8
h3 → h3 − 2l1g3 − k3h1 − 2k3l1 − k4h2,
h4 → h4 − 2l1g4 − k4h1 − 2k4l1 − k3h2,
h5 → h5 − k5h1 − 2k5l1 − k6h2 , h6 → h6 − k6h1 − 2k6l1 − k5h2. (3.25)
Therefore from these equations we can consistently fix the coefficient functions and obtain
the following results: 9
S = −
√
2T9
∫
d10xe−
1
4
T 2 [1 +
1
2
√
2
T (ψψ)− (ψΓµ∂µψ)],
δψα = ǫα +
1√
2
∂µT (Γµǫ)α , δT =
√
2(ǫψ)− 2∂µT (ǫΓµψ). (3.26)
From this result we find that we can obtain the same action as the one considered in
[19] by appropriate fixing of the field redefinition ambiguities. Also from δψ(x) = 0 we can
obtain the same 1/2-BPS solutions as (2.15). For this solution the 1/2 supersymmetry
which satisfy Γ9ǫ = −ǫ restores on the BPS D-brane. If we again redefine the new field in
order to normalize the kinetic term to 1, then the exponential potential appears in front
of the right-hand side of (3.26) and we obtain another BPS solution T → ±∞ which
represents the closed string vacuum in the same way as (2.13). The above result indicates
that the structure of the supersymmetry can be included in the action of [19].
From this explicit practice we obtained the effective action with the nonlinear super-
symmetry at the leading order. However in this order the gauge fields are not introduced.
Therefore we will extend this result to the effective action with more terms which satisfy
the following conditions.
#Aµ(x) ≤ 1, #ψ(x) = 1 and #∂µ ≤ 2 in δS, (3.27)
where #X is the number of X . In the appendix C we write the general action, the super-
symmetry transformations and the field redefinitions up to the above order. The process
to determine the coefficient functions of the action and the supersymmetry transforma-
tions is same as the previous one, therefore we abbreviate this process. We fix the field
redefinition ambiguities appropriately. The final form of the action is 1011
S = −
√
2T9
∫
d10xe−
1
4
T 2
9Strictly speaking if we fix h1(T ) to zero, we can not fix h3(T ), h4(T ), h5(T ) and h6(T ).
10The fact is that the total number of the constraints from the supersymmetric invariance and the
field redefinition ambiguities (C.15) and (C.16) is a little more than the freedoms which appear in the
action (C.11) and the supersymmetry transformations (C.12), (C.13) and (C.14). Nevertheless we find
that various coefficient functions can be fixed with keeping the supersymmetry.
11We can change the coefficient of the term ∂µT∂µT in the action by fixing the field redefinition
ambiguities differently. Therefore it is also possible to take another fixing to produce the boundary string
field theory action (2.5).
9
×[1 + 1
2
(∂µT∂µT ) +
1
2
√
2
T (ψψ) +
1
4
F µνFµν − (ψΓµ∂µψ)
−2
√
2∂µT (ψ∂µψ) + F
µν(ψΓ11Γµ∂νψ)], (3.28)
and the supersymmetry transformations are
δψ = ǫ+
1√
2
∂µT (Γµǫ)α,
δT =
√
2(ǫψ)− 2∂µT (ǫΓµψ)−
√
2 ∂µT∂µT (ǫψ),
δAµ = (ǫΓ11Γµψ) (3.29)
Thus we find that there exists the nonlinear supersymmetry up to this order.
Then we have to verify whether these transformations of ψ(x), T (x) and Aµ(x) satisfy
the supersymmetry algebra. The expected forms of the supersymmetry algebra are
[δ1, δ2]ψ = 2(ǫ1Γ
µǫ2)∂µψ,
[δ1, δ2]T = 2(ǫ1Γ
µǫ2)∂µT,
[δ1, δ2]Aµ = −2(ǫ1Γ11Γµǫ2) + 2(ǫ1Γρǫ2)∂ρAµ. (3.30)
We consider that for ψ(x) and Aµ(x) the algebras will be same as (2.4). Indeed if we re-
peat supersymmetry transformations (3.29) again, we can obtain the same result up to the
reliable order under the condition (3.27). For example, the translation term 2(ǫ1Γ
µǫ2)∂µψ
in [δ1, δ2]ψ does not appear from (3.29). However, by including the more higher terms
about fermions in the action (3.28) and the supersymmetry transformations (3.29) we
expect that this term appears correctly. The point of this discussion is that the form
of the supersymmetry transformation is changed by the field redefinitions, while the su-
persymmetry algebra is invariant.12 On the other hand, if we expand T (x) around the
solution (2.7) or (2.15) such as
T (x) = u(x9 −X9(xi)) (u =∞ or
√
2 ; i = 0, · · · , 8), (3.31)
then the algebra of the X9 becomes the following one:
[δ1, δ2]X
9 = − 2(ǫ1Γ9ǫ2) + 2(ǫ1Γiǫ2)∂iX9. (3.32)
This algebra coincides with that of the transverse scalar on a BPS D8-brane [15, 10]. This
is a desired result because X9(xi) is the translation mode of the soliton (BPS D8 brane)
[20, 19] as we can see from (3.31).
12 There are terms from the gauge transformation and terms proportional to the equations of motion
in (3.30).
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4 Conclusions and Discussions
In this paper we introduced the boundary string field theory action and constructed the
action order-by-order which includes fermions and realizes the nonlinear supersymmetry.
In the first practice we obtained the same action as the Minahan-Zwiebach model [19]
and verified that the nonlinear supersymmetry can be realized. Next in order to include
the gauge field, we extend this action to the one with more higher dimensional terms.
Then we found that we can construct the action with the nonlinear supersymmetry which
is consistent with the boundary string field theory action, and confirmed that this action
can have the BPS soliton solution in the supersymmetric sense, which is similar to the
one (2.7) in the boundary string field theory.
However, any forms of the action are allowed in the above order, therefore the definite
conclusions are not obtained as far as we consider the finite numbers of terms in the action
and supersymmetry transformations. As an example let us consider the BPS solution.
From the existence of the solution (2.7) in boundary string field theory, we expect that
the form of δψ(x) is the following:
δψα = L(T
2)[M(∂µT∂µT )ǫα +N(∂
µT∂µT )∂
νT (Γνǫ)α]
+(terms including ψ, Aµ, ∂µ∂νT ), (4.33)
where L(x), M(x) and N(x) are nonsingular functions around x = 0, with a relation
lim
x→∞ |xN(x
2)/M(x2)| = 1. (4.34)
Note that here the fields are partially fixed according to the boundary string field theory,
and in that sense (4.33) depends on the remaining field redefinitions. Then if we truncate
the above transformation such as (3.18), we are able to set the coefficients gi(T )(i = 2, 3, 4)
to zero by the field redefinitions (see (3.24), (3.25)). From this form we can not see the
BPS solution explicitly. The analysis of truncated actions (3.26) and (3.28) showed that
at least the realization of the nonlinear supersymmetry does not contradict the existence
of the BPS solutions.
One of the motivations of this paper was from the fact that the truncated action in
[19] is a good approximation. However, because the mass of the tachyon is the order of the
Planck scale, it is difficult to consider the reason why such a truncated action can work
for the tachyon condensation. Any way, to find the full order action with the nonlinear
supersymmetry we consider that some other algebraic principle to construct the action
should be needed.
As a further study of the supersymmetry, it is interesting to extend the analysis in
this paper to the non-Abelian non-BPS D-branes because also in this case the nontrivial
and exact BPS solution is already known [21]. There are a lot of things to investigate.
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A A Four Dimensional Model with Nonlinear Super-
symmetry
Here we introduce a four dimensional toy model with the nonlinear supersymmetry using
the four dimensional N = 1 superfield formulation. We will use the notation used in [22].
We consider a chiral superfield Φ(x, θ) = T (x) + ia(x) +
√
2θχ+ · · · with a Lagrangian
L =
∫
d2θd2θ¯K(Φ, Φ¯) +
[∫
d2θP (Φ) + h.c.
]
, (A.1)
where the Ka¨hler potential K and the superpotential P are given by
K(Φ, Φ¯) =
∣∣∣∣∣
∫ Φ
0
dye−
1
8
y2
∣∣∣∣∣
2
, P (Φ) = i
∫ Φ
0
dye−
1
4
y2 . (A.2)
Then the metric on the Ka¨hler manifold becomes
gΦΦ¯ = e
− 1
8
(Φ2+Φ¯2), (A.3)
ΓΦΦΦ = −14Φ and RΦΦ¯ΦΦ¯ = 0. Then the component Lagrangian is computed as
L = −e−T
2
4 e
a
2
4
{
1 + ∂mT∂
mT + ∂ma∂
ma+ iχ¯σ¯m∂mχ− iχ¯σ¯mχ1
4
(T + ia)∂m(T + ia)
+i
1
8
(T + ia)e−i
1
2
aTχχ− i1
8
(T − ia)e+i 12aT χ¯χ¯
}
, (A.4)
which has a nonlinearly realized supersymmetry at T = a = 0 given by
δ(T + ia) =
√
2ξχ, δχ = i
√
2σmξ¯∂m(T + ia) +
1
4
(T + ia)δ(T + ia)χ− i
√
2ei
1
2
aT ξ. (A.5)
This model has a 1/2-BPS domain wall solution T = x3 and a = ξ = 0.
If we identify the real scalar T as the tachyon, this action can be regarded as a toy
model for the tachyon in a non-BPS D-brane. Indeed, the model has the characteristic
properties such as the restoration of the supersymmetry at T = ±∞ where the action
vanishes and the existence of a 1/2-BPS solution corresponding to a one lower dimensional
BPS D-brane.
This model can be extended to other dimensions and to other matter contents.
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B SO(1,9) Clifford Algebra
The gamma matrices Γµ(µ = 0, 1, 2, · · · , 9) are defined by
{Γµ, Γν} = 2ηµν . (B.6)
Here the sign convention of the flat metric ηµν is most plus one, that is, diag(ηµν) =
(−,+,+ · · · ,+). We define Γ11 as
Γ11 ≡ Γ0Γ1 · · ·Γ9, (B.7)
and the charge conjugation matrix C as
ψα ≡ −ψβ(C)βα,
CT = −C, CΓµC−1 = −(Γµ)T ,
CΓ11C
−1 = −(Γ11)T . (B.8)
Then the symmetry of matrices is the following:
Symmetric matrices · · · CΓµ, CΓµν , CΓµ1···µ5 , CΓ11, CΓ11Γµ, CΓ11Γµ1···µ4 ,
Antisymmetric matrices · · · C,CΓµ1µ2µ3 , CΓµ1···µ4 , CΓ11Γµν , CΓ11Γµ1µ2µ3 . (B.9)
From this we can derive the following identities:
ψΓµψ = ψΓµνψ = ψΓµ1µ2···µ5ψ = 0,
ψΓ11ψ = ψΓ11Γµψ = ψΓ11Γµ1µ2···µ4ψ = 0. (B.10)
C General Effective Action, Supersymmetry Trans-
formations and Field Redefinitions
Here we write all relevant terms which obey (3.27) in the action, the supersymmetry
transformations and the field redefinitions of ψ(x), T (x) and Aµ(x). The coefficients
fi, gi, hi, ji, ki and li which appear in the latter equations are the nonsingular functions
of T around T = 0, while m1 is a constant.
The action:
S = −
√
2T9
∫
d10xe−
1
4
T 2
× [1 + f1(ψψ) + f2(ψΓµ∂µψ) + f3(ψΓ11Γµ∂µψ) + f4(∂µT∂µT ) + f5F µνFµν
+f6F
µν(ψΓ11Γµνψ) + f7(∂µψ∂µψ) + f8∂
µT (ψ∂µψ) + f9(∂
µT∂µT )(ψψ)
+f10∂
µT (ψΓ11∂µψ) + f11F
µν(ψΓµ∂νψ) + f12F
µν(ψΓ11Γµ∂νψ)
+f13F
µν(ψΓµνρ∂
ρψ) + f14F
µν(ψΓ11Γµνρ∂
ρψ)]. (C.11)
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The supersymmetry transformations:
δψα = g1ǫα + g2(Γ11ǫ)α + g3∂
µT (Γµǫ)α + g4∂
µT (Γ11Γµǫ)α
+g5F
µν(Γµνǫ)α + g6F
µν(Γ11Γµνǫ)α + g7(∂
µT∂µT )ǫα
+g8(∂
µT∂µT )(Γ11ǫ)α + g9∂
2Tǫα + g10∂
2T (Γ11ǫ)α
+g11F
µν∂µT (Γνǫ)α + g12F
µν∂µT (Γ11Γνǫ) + g13∂µF
µν(Γνǫ)α
+g14∂µF
µν(Γ11Γνǫ)α + g15F
µν∂ρT (Γµνρǫ) + g16F
µν∂ρT (Γ11Γµνρǫ)α,(C.12)
δT = h1(ǫψ) + h2(ǫΓ11ψ) + h3∂
µT (ǫΓµψ) + h4∂
µT (ǫΓ11Γµψ)
+h5(ǫΓ
µ∂µψ) + h6(ǫΓ11Γ
µ∂µψ) + h7F
µν(ǫΓµνψ)
+h8F
µν(ǫΓ11Γµνψ) + h9∂
µT (ǫ∂µψ) + h10(ǫ∂
2ψ)
+h11∂
2T (ǫψ) + h12∂
µT∂µT (ǫψ) + h13∂
µT (ǫΓ11∂µψ) + h14(ǫΓ11∂
2ψ)
+h15∂
2T (ǫΓ11ψ) + h16∂
µT∂µT (ǫΓ11ψ) + h17F
µν∂µT (ǫΓνψ)
+h18F
µν∂µT (ǫΓ11Γνψ) + h19∂µF
µν(ǫΓνψ) + h20∂µF
µν(ǫΓ11Γνψ)
+h21F
µν(ǫΓµ∂νψ) + h22F
µν(ǫΓ11Γµ∂νψ) + h23F
µν∂ρT (ǫΓµνρψ)
+h24F
µν∂ρT (ǫΓ11Γµνρψ) + h25F
µν(ǫΓµνρ∂
ρψ) + h26F
µν(ǫΓ11Γµνρ∂
ρψ),(C.13)
δAµ = j1(ǫΓµψ) + j2(ǫΓ11Γµψ). (C.14)
Field Redefinitions:
ψ′ = k1ψα + k2(Γ11ψ)α + k3∂
µT (Γµψ)α + k4∂
µT (Γ11Γµψ)α
+k5(Γ
µ∂µψ)α + k6(Γ11Γ
µ∂µψ)α + k7F
µν(Γµνψ)α + k8F
µν(Γ11Γµνψ)α
+k9(∂
2ψ)α + k10(Γ11∂
2ψ)α + k11∂
µT (∂µψ)α + k12∂
µT (Γ11∂µψ)α
+k13∂
2Tψα + k14∂
2T (Γ11ψ)α + k15∂
µT∂µTψα
+k16∂
µT∂µT (Γ11ψ)α + k17F
µν∂µT (Γνψ)α + k18F
µν∂µT (Γ11Γνψ)α
+k19∂µF
µν(Γνψ)α + k20∂µF
µν(Γ11Γνψ)α + k21F
µν(Γµ∂νψ)α
+k22F
µν(Γ11Γµ∂νψ)α + k23F
µν∂ρT (Γµνρψ)α + k24F
µν∂ρT (Γ11Γµνρψ)α
+k25F
µν(Γµνρ∂
ρψ)α + k26F
µν(Γ11Γµνρ∂
ρψ)α, (C.15)
T ′ = T + l1(ψψ) + l2(ψΓ
µ∂µψ) + l3(ψΓ11Γ
µ∂µψ) + l4(∂
µT∂µT ) + l5∂
2T
+l6F
µνFµν + l7F
µν(ψΓ11Γµνψ) + l8(ψ∂
2ψ) + l9(∂µψ∂µψ)
+l10∂
µT (ψ∂µψ) + l11∂
2T (ψψ) + l12∂
µT∂µT (ψψ)
+l13(ψΓ11∂
2ψ) + l14∂
µT (ψΓ11∂µψ) + l15F
µν(ψΓµ∂νψ)
+l16F
µν(ψΓ11Γµ∂νψ) + l17F
µν(ψΓµνρ∂
ρψ) + l18F
µν(ψΓ11Γµνρ∂
ρψ)
+l19F
µν∂ρT (ψΓµνρψ) + l20F
µν∂ρT (ψΓ11Γµνρψ). (C.16)
A′µ = m1Aµ. (C.17)
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